REPORT DOCUMENTATION PAGE OMa N Dron o188

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining the
data needed, and completing and reviewing this collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing
this burden to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-
4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently
valid OMB control number. PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. REPORT TYPE 3. DATES COVERED (From - To)
11-07-2007 Conference Paper POSTPRINT 2007

4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER
Cost Cumulant-Based Control for a Class of Linear Quadratic

Tracking Problems 5b. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER
Khanh D. Pham

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION REPORT
NUMBER

Air Force Research Laboratory
Space Vehicles Directorate AFRL-VS-PS-TP-2007-1015
3550 Aberdeen Ave SE
Kirtland AFB, NM 87117-5776

9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S)
AFRL/VSSV

11. SPONSOR/MONITOR’'S REPORT
NUMBER(S)

12. DISTRIBUTION / AVAILABILITY STATEMENT
Approved for public release; distribution is unlimited. (Clearance #VS06-0333)

13. SUPPLEMENTARY NOTES
Published in the 2007 American Control Conferences, 11-13 Jul 07, New York, NY

14. ABSTRACT
The topic of cost-cumulant control is currently receiving substantial research from the theoretical community oriented toward
stochastic control theory. For instance, the present paper extends the application of cost-cumulant controller design to control
of a wide class of linear-quadratic tracking systems where output measurements of a tracker follow as closely as possible a
desired trajectory via a complete statistical description of the associated integral-quadratic performance-measure. It is shown
that the tracking problem can be solved in two parts: one, a feedback control whose optimization criterion representing a linear
combination of finite cumulant indices of an integral-quadratic performance-measure associated to a linear tracking stochastic
system over a finite horizon, is determined by a set of Riccati-type differential equations; and two, an affine control which
takes into account of dynamics mismatched between a desired trajectory and tracker states, is found by solving an auxiliary set
of differential equations (incorporating the desired trajectory) backward from a stable final time.

15. SUBJECT TERMS
Cost-cumulant control; stochastic control; linear-quadratic tracking

16. SECURITY CLASSIFICATION OF: 17. LIMITATION 18. NUMBER 19a. NAME OF RESPONSIBLE PERSON
OF ABSTRACT OF PAGES Khanh D. Pham
a. REPORT b. ABSTRACT c. THIS PAGE Unlimited 7 19b. TELEPHONE NUMBER (include area
Unclassified | Unclassified | Unclassified code)
505-846-4823

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std. 239.18




Cost Cumulant-Based Control for a Class of Linear Quadratic Tracking Problems

Khanh D. Pham
Space Vehicles Directorate
Air Force Research Laboratory
Kirtland AFB, NM 87117 U.S.A.

Abstract— The topic of cost-cumulant control is currently
receiving substantial research from the theoretical community
oriented toward stochastic control theory. For instance, the
present paper extends the application of cost-cumulant con-
troller design to control of a wide class of linear-quadratic
tracking systems where output measurements of a tracker
follow as closely as possible a desired trajectory via a com-
plete statistical description of the associated integral-quadratic
performance-measure. It is shown that the tracking problem
can be solved in two parts: one, a feedback control whose
optimization criterion representing a linear combination of
finite cumulant indices of an integral-quadratic performance-
measure associated to a linear tracking stochastic system over a
finite horizon, is determined by a set of Riccati-type differential
equations; and two, an affine control which takes into account
of dynamics mismatched between a desired trajectory and
tracker states, is found by solving an auxiliary set of differential
equations (incorporating the desired trajectory) backward from
a stable final time.

I. PRELIMINARIES

An interesting extension of the cost-cumulant control the-
ory [4]-[7] when both perfect and noisy state measurements
are available, is to make a linear stochastic system track as
closely as possible a desired trajectory via a complete sta-
tistical description of the associated finite-horizon integral-
quadratic performance-measure. To the best knowledge of
the author, this theoretical development appears to be the
first of its kind and the optimal control problem being
considered herein is actually quite general, and will en-
able control engineer not only to penalize for variations
in, as well as for the levels of, the state variables and
control variables, but also to characterize the probabilistic
distribution of the performance-measure as needed in post
controller-design analysis. Since this problem formulation
is parameterized both by the number of cumulants and by
the scalar coefficients in the linear combination, it defines
a very general Linear-Quadratic-Gaussian (LQG) and Risk
Sensitive problem classes. The special cases where only the
first cost cumulant is minimized and whereas a denumerable
linear combination of cost cumulants is minimized are,
of course, the well known minimum-mean LQG problem
and the Risk Sensitive control objective, respectively. Some
practical applications for this theoretical development can
be found in the references [2] and [3] where in tactical and
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combat situations, a vehicle with the goal seeking nature ini-
tially decides on an appropriate destination and then moves
in an optimal fashion toward that destination, and tracking
problems in economic stabilization policy, respectively.
Consider a linear stochastic tracking system governed by

dz(t) = (A()z(t) + B(t)u(t))dt + G(t)dw(t), (te) (1)
y(t) = C(t)x(t) (2)

where the deterministic coefficients A € C([to,ts]; R™*"™),
B € C([to, t;;R™™), C € C([to, ts];R"*™), and G €
C([to,t¢];R™*P). The system noise w(t) € RP is the
p-dimensional stationary Wiener process starting from g,
independent of the known x(tg) = =z, and defined with
{Fi>0} being its filtration on a complete filtered probability
space (Q, F,{Fi>0},P) over [to,ts] with the correlation

E{[w(r) = w(©)][w(r) —w(@)]"} =W|r —¢, W >0.

The control input u € L%, (Q;C([to,ts];R™)) the subset
of Hilbert space of R™-valued square-integrable process on
[to,ts] that are adapted to the o-field F; generated by w(t)
to the specified system model is selected so that the mea-
surement output y € L% (€;C([to,ts];R")) best matches
the desired output z € L?([to,t]; R") in the cost cumulant
optimization criterion which will be clear shortly. Associated
with the initial condition (fo,zo;u) € [to,tf] x R™ X
L% (9 C([to, ts]; R™)) is a traditional finite-horizon IQF
random cost J : [to,ts] x R™ x L% (Q;C([to, ts];R™)) —
R™ such that

T(to, zo3u) = [2(ts) = y(tp)]" Qs [2(ts) — y(ty)] 3)
)/ E[Z(T)*y(T)]TQ(T) [2(7) —y()] + u"(T) R(r)u(r) }dr

in which the terminal penalty error weighting Q¢ € R"™*",
the error weighting @ € C([to,t]; R"*"), and the control
input weighting R € C([to,t]; R™*™) are deterministic,
symmetric, and positive semi-definite with R(¢) invertible.

In view of the linear system (1)-(2) and the quadratic
cost (3), it is reasonable to assume the control input
being generated from a class of linear-memoryless state-
feedback stategies v : [to,tf] X L%, (4 C([to, t7; R™))
L%, (9 C([to, t]; R™)), has a form of

u(t) = y(ta(t) = KOzt +u), @)

where u, € C([to,tf];R™) is an additional control signal
which takes into consideration for dynamics mismatched
between the tracking states x(t) and the desired trajectory



z(t) on [to,ts] and K € C([to,ts];R™*™) is an admissible
feedback gain in a sense to be specified later. Hence, for the
given initial condition (¢, o) € [to, %] X R™ and subject to
the control policy (4), the dynamics of the tracking problem
are governed by

dz(t) = [A(t) + BOO)K (t)])x(t)dt + B(t)u, (t)dt
G)dw(t),  x(to) = o, (5)
y(t) = C(t)z(t), (6)

and the IQF random cost

I(to, zo; K, uz) = [2(ty) — y(tp)]" Qy [2(ts) — y(ty)]

+ [ {0~y Qo )~ wlr)

+ [K(7)2(7) + ua (7)) "R(7) [K (1) (7) + us(7)] }dr. %

It is now necessary to develop a procedure for generating
some cost cumulants for the tracking problem. These cost
cumulants are then used to form a performance index in
the cost-cumulant control optimization. In general, it is sug-
gested that the initial condition (g, z¢) should be replaced
by any arbitrary pair («,z,). Then, for the given u, and
admissible feedback gain K, the random cost (7) is seen as
the “cost-to-go”, J (o, ). The moment-generating function
of the vector-valued random process (5) is defined by

¢ (a,24;0) £ E{exp (0] (o, 24))} (8)

where the scalar # € R is a small parameter. Thus, the
cumulant-generating function immediately follows

¥ (o, 205 0) £ In{p (o, 0;0)} 9)

in which In{-} denotes the natural logarithmic transformation
of an enclosed entity.

Theorem 1: Cost-Cumulant Generating Equations.
For a € [to,ty] and § € R*, define ¢ (a,zq4;0)
o(a,0) exp {zT Y (v, 0)za + 22Tn(,0)} and v (e, 6)
In{o(c,0)}. Then, the cost cumulant-generating function
can be expressed as follows

Y (e, 203 0) = 21 (a, 0)z0 + 2210(c, 0) + v (a, 0) (10)

where T(«, 0), n(a,0), and v («, ) solve the backward-in-
time differential equations

> >

%T(m 0) = —[A(a) + B(a)K(a)]* Y (a, 0) (11)
(0, O)[A(0) + B()K(0)]
— 27 (0, 0)G(a)WGT () Y (v, 0)
—0CT(2)Q(a)C(a) — KT (0)R(a)K (),
0(0,0) = ~[A@) + B@KE@ (0 (2
— Y(a, 0)B(a)u ()
— 0K (a)R(@)uz(a) +0CT (2)Q(a)2(a) ,
%U (a,0) = =Tr { Y (e, 0)G () waGT (a) } (13)
— 20" (@, 0) B(a)u.(a)

= Ouz () R(a)uz(a) — 02" (0)Q(a) ()

with the terminal conditions Y(ts,0) = 0CT (t;)Q;C(ty),
1(ty,0) = 0CT(t)Qrz(ty), v (ty,0) = 027 (ty)Qyz(ty).
Remark. The expression for cost cumulants (10) in the
tracking problem indicates that additional second and third
affine terms are taking into account of dynamics mismatched
in their trajectory-governing equations.

By definition, cost cumulants for the tracking problem can
be generated by employing the MacLaurin series expansion
for the cumulant-generating function

g m a, xa
91’

= 1/’(0%%@,9)‘ TEE)
Z_z:; 96 gp 1!

in which k;(«, z,,) are called cost cumulants. Furthermore,
the series coefficients of the expansion are computed by (10)

(a, 2430

.*, (14)

9@ - 9@
500 )1/1(04 Za;0) o =z, 60(i)T(a,6) e T
9@ a(i)
T
+ 2:1704 mn(aae) . 80() (a 9) i—o (15)

In view of the results (14) and (15), cost cumulants for the
tracking problem are obtained as follows

o
2T
i ) o) — 79 «@
Ri(@, Ta) = T o T(a )Hx
9@ a(i)
2 0 0 16
+ fL‘a 80 )77( ) ae() (O{ ) 90 bl ( )
for any finite 1 < ¢ < o0. For notational convenience, it is
necessary to denote H(a,i) £ 86;()) T (a, 0)‘ , D(a,i) 2
=0
() ()
889(1)77(04 9)‘ and D(a,i) = go(z) (a, 0)

Theorem 2 &ost Cumulants in Tracking Prob?ems
The tracker dynamics governed by (5)-(6) attempt to track
the desired trajectory z(t) with the IQF cost (7). For k € Z*
fixed, the kth-cost cumulant of the Chi-square type random
cost (7) is given by

Hk(tm 2o, K, ’LLZ) = xgH(to, k)l‘o
+ 228 D(to, k) + D(to, k),  (17)
where {H (e, i)}"_,, {D(,i)}¥_,, and {D(a,i)}t_ | eval-
vated at o = t satisfy the matrix- and vector-valued differ-

ential equations (with the dependence of H(a,1), b(a,i),
and D(a, i) upon u, and K suppressed)

d

JoH(0,1) =~ [A(a) + B(a)K (o))" H(a, 1)

~ H(0,1) [A(0) + B(a)K (o)

~ OT(@)Q(a)C(0) ~ KT (o) R(0) K (a), 1s)
L H(0,1) =~ [Al0) + B() K()]" H(o)

- He) o)+ DK ()

—Z . J)G(@)WGT (a)H(avi = j), (19)

i —j)!



together with
d

2 Do) = - [4(0) + B@K (@) Do) @0)
— H(a, 1) B(a)u ()
— K" (a)R(a)u.(e) + CT (2)Q(a)z(a),
L Dla,i) =~ [A(a) + B(a)K(0))" Dla )
— H(a,i)B(@)uy(a), 2<i<k 21
and
2 Plal) = Tt {H(a, 1)G(@)WGT ()} 22)

do 5
—2D%(a,1)B(a)u.(a)

—ul (@) R(a)us(a) — 2" (a)Q(a)z(a)

diD(a i) = —Tr{H(o,))G()WGT (a) }
e

—2D"(a,))B(a)us(a), 2<i<k (23)
where the terminal conditions H(ts,1) = CT(t;)Q;C(ty),

H(tj, ) =0for2<i<k D(tf, ) = —CT(tf)QfZ(tf),
D(ts,i) =0 for 2 <i <k and D(ts,1) = 2T (t;)Qsz(ts),
D(ty,i)=0for 2 <i<k.

II. PROBLEM STATEMENTS

In preparing for the control statements of the tracking
problem, let k-tuple variables H, ﬁ, and D be defined as
H() 2 (Ha(), o () D) 2 (Du() s Dil)),
D() £ (p (), Dy(-)) for each element H; €
ct ([to,tf] R™*™) f H D; € C'([to, ts];R") of D and
D; € C'([to,ts]; R) of D having the representations H,;(-) =
H(-,i), Di(-) = D(-i), and D;(:) = D(-,i) with the
right members satisfying the dynamic equations (18)-(23)
on the horizon [tg,ts]. The problem formulation is greatly
simplified if the convenient mappings are introduced

Fi t [to, ty] x (R™X™M)F x R™X™ s R™XT
Gi : [to, ts] X (R™™)F x (R™)F x R™*™ x R™ - R™
Gi : [to, t7] x (R™™)F x (R")* x R™ R

where the actions are given by

[
Q
S
2
S
L
+ 2
£

[
=
}ﬂ
&
R
B
=
&

Fila,H,K) = —[A

Gr (01D K ) £~ [A() + B(o)K (0)]" D (0)
—Hi () B(a)us(a) =K' () R(a)u.(a)+CT(@)Q(a)z(a),
Gi (0,1, D, K, u2) £~ [A() + B(a)K (o))" Di(a)

— Hi(@)B(@)uz(a),

G (a H,D uz> £ —Tr {H1(a)G()WGT (a)}
—2D{ () B(a)us(a)—u] (@) R(a)u. (@) —=T (@) Q(a)z(a),
G; (a H, D uz> £ —Tr {H;(a)G()WGT (a)}
—2D7 () B(a)u.(a).

Now there is no difficulty to establish the product mappings
X (R™™M)E X R™X™ o (R
(R™™)Ex (R™)F xR "X R™ -
Rk x (R™)F x R™ s RF

f1><~~><}"k. :[to,tf}
C;lx-~-x§'7k:[t0,tf]x
g1><-~-><g;c :[to,tf] X

(R™)*

along with the correspondlng notations F 2 F; x --- x Fp,

G2G % xG,and G £ Gy x---x Gy, Thus, the dynamic
equations of motion (18)-(23) can be rewritten as

d

7H(a) :.7:(&, H(OZ), K(a))v H(tf) = Hf,

d y

dozD( a)= Qj(a,H(a),lv)(aLK(a),uz(a)),D(tf):f)f,

L D(a)=G (o, H(a), Dl u-(e)) , Dlty) = Dy
where k-tuple values H; = (CT(t;)QC(ty),0,...,0),
'bf = (—CT(tf)QfZ(tf), 0,..., 0), and Dy = (0,...,0).

Note that the product system uniquely determines H, D
and D once the admissible affine control u, and feedback
gain K are specified. Hence, they are considered as H =
H(,K), D = D(-,K,u.,), and D = D(-,K,u.). The
performance index in the cost-cumulant control problem can
now be formulated in v, and K.

Definition 1: Performance Index.

Fix k € Z* and the sequence p1 = {y; > 0}%_ with py > 0.
Then, for the given (tg,xo), the performance index

bur : [to,tr] x (R™™M)F x (R™)* x R¥ s RT

in cost-cumulant control for the tracking problem is defined
as follows

bt (th(t ), Dto), D(to))

= ZMZ {950

where the scalar, real constants u; represent parametric
design freedom and levels of influence on the overall cost

. k
distribution. The solutions {H;(to) > O}iC 1 {D-(to)} 1

and {D;(to)}r_, evaluated at o = ¢ satisfy the dynamic
equations of motion

A(to)zo + 22T Di(to) + Di(to)} (24)

L H(0) = Fla,H(0), K(0)), H(ty) = Hy,
L Bla) = ¢, H(0), Do), K (@), u:(a), Dlty) =Dy,
d

—=D(a) = ¢ (@, H(a), D(a),u:(a) ) , Dlts) = Dy
Definition 2: Affine Control and Feedback Gains.
Let compact subsets U C R™ and K C R™*" be the sets of
allowable affine inputs and gain values. For the given k € Z+



and the sequence p = {p; > 0}%_; with py > 0, the set of

admissible affine controls Z/It M D and feedback gains

K tivel fassfumed to be the classes of
1y M B Dy ATC TESPECtively

C([to, tg];R™) and C([to, t5]; R™*™) with values u.(-) € U

and K (-) € K for which solutions to the dynamic equations

with H(t;) = Hy, D(ty) = Dy, and D(ty) = Dy
%H(a) = Fla, H(a), K (o), (25)
%ﬁ(a) Sy (aﬂ(a),ﬁ(a),fc(a),uz(a)) . (26
%D(a) —g (a7H(a)7ﬁ(a),uz(a)) 27)

exist on the interval of optimization [to,%y].
Definition 3: Optimization Problem.
Suppose that k& € Z* and the sequence p = {u; > 0}%_;
with g3 > 0 are fixed. Then the control optimization
problem is defined as the minimization of (24) over u,(-) €
utf,Hf.,ﬁf,Df;uj K() € IC_tf,Hf,ﬁf,Df;u and subject to the
dynamic equations of motion (25)-(27) for « € [to, tf].
Definition 4: Reachable Set.
Let reachable set Q be defined Q £ {(g,y,z“,z) €

[to, tr] x (R™>™)k x (R)F x }Rk} such that U, y, 5 7., # 0

and K_y, 5 7., # 0.

By adapting to the initial cost problem and the terminolo-

gies present in cost-cumulant control, the Hamilton-Jacobi-

Bellman (HJB) equation satisfied by the value function is

motivated by the excellent treatment [1] and is given below.
Theorem 3: HJB Equation-Mayer Problem.

Let (5, Y, é’, Z ) be any interior point of the reachable set Q

at which the value function V (¢, ), Z Z) is differentiable.
If there exist optimal affine control u? € U_ ,, and
feedback gain K™ € K_,, » 2, then the partlal d1fferent1al
equation of dynamic programmmg

0= uzegl’iEEK{gEV (s, v, 2, z)

0 o
v (5, v, 2, z) vee (F (e, Y, K))

ol (2o 20

N ave‘z(z)v (9,2, 2) vec (6 (2,3, 2,u.) ) } (28)

is satisfied together with the boundary value condition
V (to,H07ﬁ07DO = btk (to,Ho,ﬁo,Do)

Theorem 4: Verification Theorem.
Fix k € Zt and let W (s,y,é,z be a continuously
differentiable solution of the HJIB equation (28) which
satisfies the boundary condition W&O,Ho,ﬁo,l)o) =

+

+

Dtk (to,Ho,ﬁo,Do). Let (tf,Hf,ﬁf,'Df) be in Q;

(uZ7K) in utf Hy, Df Dy ICt 'H fo N; H, D
and D the correspondmg solutlons ( 5)-(27). Then

W(a, H(a), D(a), D(c)) is a non-increasing function of c.
If (uf, K*) is in Uy 3, 50Dy X ,thA,Hf,b.ty’Df;H defined
on [to,t¢] with corresponding solutions, H*, D*, and D* of
(25)-(27) such that for o € [to, tf]

0= %W (a,H*(a),ﬁ*(a),D*(a))

+ 3ve(z(y)W (a,H*(a),ﬁ*(a),D*(a)) :
VeC( (a, H* (), *(a)))

5‘vec ( (@), D*(a)) '

vee (0 (a H(a), D (), K <a>7uz<a>))

8vec (a H (e * (), D*(a)) '
- vec (g (a,H (), D (a),uz(a))) , (29)

then v} and K™ are optimal. Moreover,

W(ey,2,2)=v(e,2,2) (30)

where V (5, Y, Z , Z) is the value function.

III. OPTIMAL SOLUTION OF kCC CONTROL

The treatment of HIB approach to obtaining a solution to
the cost-cumulant control problem requires to parameterize
the terminal time and states of the dynamical equations
as (57)?,22',2) rather than (tf,Hf,lv)f,Df) That is, for
€ € [to,tf] and 1 < ¢ < k, the states of the system (25)-
(27) defined on the interval [to, ] have the terminal values
denoted by H(c) = Y, D(e) = Z, and D(e) = Z. It is
observed that the performance index (24) is quadratic affine
in terms of the arbitrarily fixed zy. This suggests a solution
to the HIB equation (28) may be sought as below.

Theorem 5: Fix k € ZT and let s,y,Z,Z) be any
interior point of Q at which the scalar-valued function

k
Z N EFACE:

k

—|—2xOTZ,ui<é ’ZUZ )4—2#2
i=1

is differentiable. The time-varying parametric functions

& € Cl([to, ty]; R ™), T; € CM([to, tf];R™) and T; €

C'([to,tf];R) are yet to be determined. The derivative of

W(e,y,é,Z)

+7i(e)) (1)

w (6, Y, Z, Z) with respect to € is given



provided u, € U and K € K.
Replacing (31) into the HIB equation (28), it follows that

{ Zuz( E9K) + 6(6) ) 2o
+2xozuz<gz(eyZKuz)+ 7“2())

d
de
=1
> } (33)

+Zul (gl (2.7, 2.u.)
k
4 Z,Ufiyi
i=1

Note that
mCT()Q(e)C(e)

0= min

uZGU KeK

Zuz
_Z,U’zyz () ]

ZuzZ T QUL O

Jj=

(e, V,K)=—[A(e) + B

— /,LlKTR

k

k
o2 Y. 2K ) = ~ [A@) + BEK]T Y wiZ
=1

=1
k
=Y wYiB(e)us — m K R(e)u. + mC'(e)Q(e)z(e),
=1

k
Zﬂzgl (anazu7uz) - ZMZTr{yz WGT )}
i=1
k
0> W ETB (el R — =" Q()(e).

i=1

Since xy and M, are arbitrary vector and rank-one matrix,
the necessary condition for an extremum of (24) on [t, €] is
obtained by differentiating (33) with respect to u, and K

k
u.(e,2) = —R7'e)BT ()Y 2., (34)
r=1
k
K(e,Y)=- @)Dy, (35)
r=1

where 7i, = p;/p1 and gy > 0. Substituting (34) and (35)
into (33) leads to the value function

k k k
d
1) SIECLICEVUE) SRR SIRNIE
=1 =1 =1
- mCT(e)Qe)Ce)
T’yf'

Mw

k

Z,Uiyi
ZZ iy
S Be

s=1
— K1 Z Nryr

k
BTZ

k i—1

- Z,uz Z 21_"7)'y]G(E)WGT(€)y1_] Zo

i=2  j=1 j!(l
k
d «
k
+> wY,Be)R™
r=1
k
+ Y miYiBe)R™!
=1
k
— Y i YrBe)RT
r=1
b
+Z/%j€ 3 ZMzTr{yz
=1
k

k
123" wZIBEOR OB Y. 2T (€)Q(E)2 ()
r=1

i=1
k k
— i S ZTBERT ()BT () S fisZ
r=1 s=1

The remaining task is to display time-dependent functions

{&( )}Z 1 {i()} , and {7;(- )}l 1» Which yield a suf-
ficient condition to have the left-hand side of (36) being

k

(&) 12 CT ()Q()=(e)

i=1

+2xg

WG ()}

(36)

zero for any € € [to,tf], when {);}F , and { }k are
evaluated along solutions to the cumulant- generatmg:e1 ua-
tions. Akcareful observation of (36) suggests that {&;(-)},_,,
{70}
tain differential equations whose explicit representations are
omitted herein due to the space limitation. The affine control

and feedback gain specified in (34) and (35) are now applied
along the solution trajectories of the equations (25)-(27)

and {7;(- )}l ; can be chosen to satisfy cer-

LHu(e) = ~AT (€M (6) — Hi (€ A(e) — CT(E)QCIE)

k
+Hi(e)B(e)R™ ()BT () Y 1isHs(e)
k

+ ) M (e)B(e)R™! ()BT () Ha(e)

r=1

(38)



d%Dl(a) = T {H()CEWET ()} — 2T (©)Q()z(e)

+ 2D ()B(e)R™ ' (¢) BT (¢) zk; fir Dy (€)

- zk:lﬁrf)f(s)B(s)R_l (e)B™(e) Ek:l fisDs(e), (41)

jg;_l(s) =T {w(s)G(e)WGT(;}

+2D] (¢)B(e)R™'(¢) B (¢) Ek: fir Dy (e) (42)
where the terminal conditions :11 (ty) = CT(t;)Q;C(ty),

( 7)) =0for2 <i <k D1(tf) = —CT(tf)QfZ(tf),
(tf) =0for 2 <i<kand Di(ty) = = (tf)QfZ(tf)
D;(ty) = 0 for 2 < ¢ < k. The boundary condition of
W(e, Y, Z, Z) implies that
k
Z 10+g tO))

+2xOZuZ< w0 -+ Ti( t0>+2ul Dio + Ti(to))

i=1
k k
=) Z pitioxo + 228 Z wiDio + Z 1iDio .
i=1 i=1 i=1

Therefore, the extremizing affine control (34) and state-
feedback gain (35) minimizing (24) become optimal

k

ui(e) = —R7'(&)B"(e) YA Di(e),

r=1
k
") > mH;(e)
r=1

Theorem 6: Cost-Cumulant Control Solution.
The tracker dynamics governed by (5)-(6) attempt to track
the desired trajectory z(t) with the Chi-square random cost
(7). Assume both k € Z* and the sequence p = {1; > 0}5_,
with g7 > 0 are fixed. Then, the control solution for the

K*(e)=-R™*

multi-cumulant tracking problem is implemented by

ut(t) = K*(t)a"(t) + ui(t), (43)
k

K*(@) = =R )BT () ) Hi(a),  (44)
k

ul(a) = =R (@)B () Y i Di(a),  (45)

where fi, = u;/p1 represent different levels of influence
as they deem important to the overall cost distribution and
k

{H:(@)}y_y. and {Di(e)}
backward-in-time Riccati-type matrix differential equations

are the solutions of the

L345(0) =~ [A(0) + Blo)K* ()] (o) (46)
1) [A(a) + B(a)K* (o)
T (@)Q)C(0) — KT (a)R(a)K*(a),
L34:(0) = ~[A(0) + Bla)K* (o) H; (o) @)

— Hi(a) [A() + B(a) K™ (a)]

r—1

- st(fr!s)ﬁ*( )G(@WG ()M, (a),

and the auxiliary backward-in-time vector-valued differential
equations

LBi(0) =~ [A(0) + B@K ()] Bi(a)  @9)
— Hi()B(a)uz(a)
= K () R(e)uz(a) + CT(a)Q(a)z(a),
LB2(0) =~ [A(0) + B@)K* ()] Di(0)
— Mo () Bla)u(a) (49)
with the terminal boundary conditions Hj(t;) =

QT(tf-)QfC(tf), Hy(ty) = 0 for 2 < r < k and
Di(ty) = —CT(t;)Qr2(ty), Di(ty) =0 for 2 <r < k.
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